The traditional method to rotate an image of light is by using a Dove prism, even though it is unreliable, owing to the mechanical adjustment when a tunable image rotation is required. Here, we propose a flexible and nonmechanical scheme to rotate an optical image by an arbitrary angle with optical geometric transformation. The device consists of a Cartesian to log-polar coordinate converter and an inverse converter. The rotated angle can be freely tuned by adjusting the first coordinate converter. In particular, the image rotator is dynamically programmable and continuously tunable if spatial light modulators or digital micromirror devices are employed. Our work promotes its ability of manipulating beams, which has applications in the fields of interferometry, astronomy, beam steering, mode detection, and pattern recognition.
Introduction
Rotation of an optical image to an arbitrary angle is an important capability for various applications, such as interferometry, astronomy, beam steering, and pattern recognition. The traditional method to rotate an image of light is by using a Dove prism [1] , [2] . Dove prisms have an interesting property in that the transmitted image rotates at twice the rate of the prism, when they are rotated along their longitudinal axis. This method is convenient when we only need rotate the image by a fixed angle [3] - [5] , but it becomes unreliable and complicated when a tunable image rotation is required [6] , especially at optical frequencies, owing to the mechanical adjustment. Other techniques based on the combination of prisms have similar shortages [7] . To overcome these weaknesses, researchers attempted to dig non-mechanical schemes. Based on an analysis of a conventional dove prism, a non-mechanical and programmable image rotator was realized by replacing the rotating wedges (the head and the tail parts) and reflecting mirror (the middle part) of a dove prism by an acoustooptic beam deflector and a circular cylindrical mirror respectively [8] , [9] , while the rotation angles are discrete, and the maximum number of rotation angles is limited. The non-mechanical and programmable image rotator can be also achieved by using cascaded Ferroelectric Liquid Crystal polarization switches, in which each stage rotates the image by an angle given by half the previous Fig. 1 . Schematic diagrams of (a) Cartesian to log-polar coordinate converter and (b) the inverse coordinate converter. The RGB colors illustrate the mapping relationship between azimuthal angle and vertical coordinate.
stage [10] . Obviously, this cascaded scheme is bulky and become complicated when multiple stages are required.
In this paper, we present a flexible and non-mechanical scheme to rotate the optical image by an arbitrary angle. The device consists of a Cartesian to log-polar coordinate converter and an inverse coordinate converter. The first coordinate converter performs a Cartesian to log-polar coordinate transformation. By adding two different gradient phase structures in two sectors, the output beams corresponding to the two sectors can be interchanged. The second coordinate converter realizes an inverse coordinate transformation. By combining the two coordinate converters, the output image will be rotated by an angle relative to input image. The rotated angle can be tuned by adjusting the area of two sectors and the gradient phase structures in the sectors. In particular, the image rotator is dynamically programmable and the rotated angle can be continuously tuned without altering the setup, if spatial light modulators or digital micromirror devices are employed. Our work promotes the ability of manipulating beams and has the applications in fields such as interferometry, astronomy, beam steering, mode detection, and pattern recognition.
Principle and Structure
As shown in Fig. 1(a) , two transforming optical elements are placed in the two focal planes of a lens respectively. The device can perform a Cartesian to log-polar coordinate transformation, achieving the mapping of a position (x, y) in the Plane P1 to a position (u, v) in the Plane P2, where u = −a ln( x 2 + y 2 /b) and v = a arctan(y/x); here, arctan(y/x) ∈ (−π, π] is the azimuthal angle θ. The RGB colors illustrate the mapping relationship between azimuthal angle and vertical coordinate. The phase profiles of the transforming optical elements are given by [11] , [12] 1 (x, y) =
where λ is the wavelength of the incoming beam, and f is the focal length of lens. The parameter a scales the transformed image and a = 2π/d, where d is the length of the transformed beam. b translates the light in the u direction and can be chosen irrelevant to a. By using this coordinate converter, the beams on the azimuthal angle of θ are mapped to the vertical position v = aθ. The device can also performs an inverse coordinate transformation by θ =v/a when the beam is incident from the opposite direction, as shown in Fig. 1(b) . When we cascade the two coordinate converters together, as shown in Fig. 2(a) , the output optical image will be the same with the input one. The second and third elements in Fig. 2(a) are in the same Plane P2. Now we aim to rotate the input image by an arbitrary angle of θ,
The detailed analysis on mapping relationship is presented in Fig. 2(b) . According to the rotated image distribution in Plane P3, we can derive backward the image distribution in Plane P2. The left column of Fig. 2(b) describes the optical image without rotation. As a comparison, illustrated in the right column of Fig. 2(b) , the linear image in Plane P2 is subdivided into two parts, and the two parts are swapped but keep the vertical position still in the range of (−πa, πa]. Therefore, the key issue of image rotation is how to realize the operation of translation in Plane P2. According to the imaging theory of lens, the image in the Fourier plane can be shifted by adding an additional gradient phase on the input plane. Therefore, we only need add two different gradient phase structures in the corresponding sectors of Plane P1. Fig. 2(c) shows the additional gradient phase distribution in Plane P1 to shift the two parts of image in Plane P2. Based on the upward analysis, the phase profile of the first element is revised by
Since the image in Plane P2 is shifted, the phase profiles of the second element should shifted correspondingly and is expressed by Here, the first two optical elements performs the coordinate transformation by
where n is a matched integer to ensure that v is limited in the range of (−πa, πa]. r 1 = x 1 2 + y 1 2 is the radial coordinate, and θ 1 is azimuthal angle in Plane P1. The last two optical elements performs the inverse coordinate transformation by r = b exp(−u/a); θ = v/a (6) where r = x 2 + y 2 is the radial coordinate and θ is azimuthal angle in Plane P3. Combining (5) and (6), we can get the final mapping relationship by
From (7), we can see that the rotation transformation of light is successfully accomplished. In the follow simulations, the parameters are set as a = 1.5 mm, b = 1 mm, f = 50 mm, and λ = 1.5 um.
Results
Since the Laguerre-Gaussian (LG) modes are a set of complete orthogonal basis and are rotationinvariant, we choose LG modes as the tools to analyze the influence of rotation on beams. Fig. 3 (a) and (b) shows the intensity and phase distributions in various planes for LG 01 mode, when θ = 0 and θ = π, respectively. We can see that the upper and lower portions of linearshaped light in Plane P2 when θ = π are interchanged successfully compared to the case where θ = 0, resulting in that the output image in Plane P3 is rotated by an angle of π, which can be seen from the phase distributions. Meanwhile, the output image in Plane P3 has distortions, which is caused by the imperfect splice between the two ends of the linear-shaped light in Plane P2. Even so, the distortions are only limited in a very small range around the azimuthal angle of π, and have a very little impact on the mode, which can be observed from the far field. In addition, we find that the distortions when θ = 0 are far worse than the ones when θ = π. A detailed analysis is made to quantify the influence on the purity of LG modes. The results are presented in Fig. 4(a) . As predicted, the output rotated image still keeps a very high purity larger than 0.965, which proves the distortions of image are quite small. Furthermore, the distortions are maximum when θ = 0 and minimum when θ = π. The reason lies in that the separation of input image and the splice of output image are at the same position when θ = 0, leading to twice distortions at the same position, while the positions of separation and splice of images are farthest when θ = π. Fig. 4(b) shows the output images without rotation for three higher order LG modes. In the cases, the distortions can be clear observed from the intensity distributions, and they are all limited in a range near the azimuthal angle of π. In addition, the higher order LG mode has larger distortions in general. The LG 0,m (m = 0, 1, 2) is exceptional because the mode is solid and the errors of coordinate transformation is quite large around the center. Fig. 5 presents a more general example where a "ZHL"-shaped image with a one-fold helical phase structure is rotated by various angles from −π to π. We can see that the output images are accurately rotated and have small distortions, especially in the cases where the rotation angles are near ±π. The results prove the feasibility of our scheme.
In the above analysis, we successfully demonstrate that our scheme can rotate the image of light by an arbitrary angle and has small distortions. In fact, the second and third elements can be combined to one element, since they are in the same plane. Therefore, the device consists of three diffractive optical elements actually. What is more, the image rotator can be dynamically programmable and the rotated angle can be continuously tuned without altering the setup, if using programmable modulators such as spatial light modulators or digital micromirror devices to replace the first two optical elements [13] - [15] . In a real application, the first two optical elements can replaced by spatial light modulators or digital micromirror devices, and the last one can implemented by a refractive element [16] , [17] . The frame rate of spatial light modulators is about 60 Hz. Therefore, the spatial light modulators are suitable for non-scanning or low-speed scanning image rotator. The loss of refractive element can be ignored, and the zero-order diffraction efficiency of spatial light modulators is about 60%-95% dependent on the product design and operating wavelength [14] ; therefore, the total power loss of the optical system is still acceptabl (about 35%-90%). The digital micromirrordevice has a similar function to the spatial light modulator but with a higher frame rate up to 20 kHz, and it is fast enough for continuously image rotation, while the loss of digital micromirror device is much larger than the one of spatial light moulator. Therefore, the digital micromirror devices are more suitable for high-speed scanning image rotator with a sacrifice of power efficiency. This high-speed scanning image rotator is very useful in real-time mode detection [18] . If the system is polarization-dependent, we can tune the input polarization to match the system beforehand by using polarization beam splitters [19] . In addition, because our scheme is wavelength-dependent, it is hard to apply to wideband light, spatially incoherent, or white light. Our scheme still offers advantages over a dove prism in a servo controlled rotation mount, especially in optical wavebands. To rotate the beam without any associated translation or angular deviation, the axis of the Dove prism must be aligned to within a fraction of the wavelength of the light. At optical frequencies, this requirement is extremely challenging, let alone continuous rotation.
Conclusion
In conclusions, we present a non-mechanical scheme to rotate the optical image by an arbitrary angle. The device consists of a Cartesian to log-polar coordinate converter and an inverse coordinate converter. The rotated angle can be tuned by adding two gradient phase structures in corresponding sectors of input plane. The rotated image has quite small distortions. In particular, the image rotator is dynamically programmable, and the rotated angle can be continuously tuned without altering the setup, if spatial light modulators or digital micromirror devices are used. Our work promotes the ability of manipulating beams and has the applications in fields such as interferometry, astronomy, beam steering, mode detection, and pattern recognition.
